Azimuthal Correlations in the Structure Functions of polarized Dihadron
  Semi-Inclusive Deep Inelastic Scattering by Kotzinian, Aram
Azimuthal correlations in the structure functions of polarized dihadron semi-inclusive
deep inelastic scattering
Aram Kotzinian1, 2
1Yerevan Physics Institute, 2 Alikhanyan Brothers St., 375036 Yerevan, Armenia
2INFN, Sezione di Torino, 10125 Torino, Italy
(Dated: August 21, 2018)
Azimuthal correlations in two hadron production in deep inelastic scattering of unpolarized lep-
tons off a transversely polarized nucleon are discussed. Specifically, a simple approach for accessing
ratios of structure functions corresponding to the Sivers effect and transversity induced single spin
azimuthal asymmetries to unpolarized structure functions is presented. This approach is then ap-
plied to sample pseudodata generated by a modified version of the LEPTO Monte Carlo event
generator that includes the Sivers effect. Using these data, it is shown that the azimuthal correla-
tions in the Sivers-like structure functions and the unpolarized structure functions are significantly
different. Collins-like single hadron asymmetries in a dihadron sample are also discussed, for which
experimental results were recently presented by the COMPASS collaboration.
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I. INTRODUCTION
The study of correlations between azimuthal angles of two final state hadrons momenta in high energy processes
plays an important role in understanding the hadronization mechanism. Here, these correlations are considered for
the process of two hadron semi-inclusive electroproduction in the current fragmentation region (CFR) of deep inelastic
scattering [dihadron semi-inclusive deep inelastic scattering (SIDIS)]
`(l) +N(PN , S)→ `(l′) + h1(P1) + h2(P2) +X , (1)
as schematically depicted in Fig. 1.
FIG. 1. The leading order diagram for two hadron production in the current fragmentation region of SIDIS.
The expression for the cross-section of this process at the leading twist is long known [1]. The most general cross-
section expression for this process for polarized beam and target, which includes also subleading twist contributions,
is presented in a recent work [2]. In both this articles the azimuthal angles of the total and relative momentum of two
hadrons were used. However, in experiment the correlations between the azimuthal angles of transverse momenta of
each produced hadron were presented, namely as a function of
∆ϕ = ϕ1 − ϕ2, (2)
where ϕ1(2) denote the azimuthal angle of the first (second) hadron’s transverse momentum (see, for example, [3]).
Very recently, the first preliminary results for the dependence of the Collins-like (CL) asymmetries on ∆ϕ were
presented by the COMPASS collaboration [4].
In this paper, we first present the expression for the cross-section of the process (1) in terms of the transverse
momenta (and the corresponding azimuthal angles) of observed hadrons, considering only the unpolarized, Sivers-
effect-induced and transversity-induced parts of the cross-section. The one hadron single spin asymmetries (SSAs) in
two hadron SIDIS samples are then discussed for both Sivers-like (SL) and CL modulations. Finally, similar to [5, 6],
we use the LEPTO Monte Carlo (MC) event generator [7], that has been modified to include the Sivers effect [8, 9] to
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2explore the transverse momenta correlations in the kinematical region of the COMPASS experiment in a framework
that is independent of the assumptions employed in deriving the analytical expressions for the SSAs.
This paper is organized in the following way. In the next section we briefly introduce the kinematics of the two
hadron SIDIS process and present the general expression for the cross-section including the parts induced by the Sivers
effect and the combined effect of transversity parton distribution functions (PDFs) and CL dihadron fragmentation
functions (DiFFs). Then in Sec. III we develop a framework for accessing the ∆ϕ dependence of the ratios of the
polarized to the unpolarized structure functions entering in this expression. In Sec. III B, we briefly discuss the modified
LEPTO (mLEPTO) MC generator and apply the proposed framework to the generated pseudodata. In Section IV we
derive the expressions for the single hadron Collins-like asymmetries in dihadron sample. In Section V, we present
our conclusions and outlook. Finally, in the appendix we present the details of the derivations of the cross-section
expression. Then it is shown how to express the structure functions through transverse momentum dependent (TMD)
PDFs and DiFFs for their arbitrary dependence on transverse momentum.
II. TWO HADRON PRODUCTION IN THE CFR OF SIDIS
In the standard QCD leading order approach used at high energies, we assume that an initial lepton ` scatters
inelastically on a nucleon N , where a virtual photon γ∗ strikes a quark q, which then fragments into several hadrons.
In the final state, the scattered lepton `′ and two of the produced hadrons h1 and h2 are detected. We denote the
momenta of the initial and final leptons as l and l′, respectively, the momentum of the nucleon N as PN and the spin
S, the momenta of the initial and fragmenting quarks k and k′, and the momenta of the detected hadrons as P1 and
P2 respectively. We use the standard SIDIS variables:
q = l − l′, Q2 = −q2, x = Q
2
2PN · q , (3)
y =
PN · q
PN · l , zi =
PN · Pi
PN · q .
Here q is the momentum of the virtual photon, x is the usual Bjorken variable for the quark, and zi is the fraction
of the virtual photon’s energy in the laboratory system carried by the produced hadron hi. We adopt the γ
∗ − N
center of mass frame, where the z axis is along the direction of the virtual photon momentum q. We will define the
transverse components of the arbitrary vector v with respect to the z axis with subscript T : vT . The x axis is defined
along the lepton transverse momenta lT and l
′
T .
In this article we consider only two SSA related to the transverse polarization of the target: one induced by the
transverse momentum dependent Sivers effect (SL asymmetries) and the second induced by the combined effect of
the transversity PDF and the CL DiFFs of the transversely polarized quark (CL asymmetries). The derivation of the
cross-section expression of the process in Eq. (1) in terms of the transverse momenta P1T , P2T and the corresponding
azimuthal angles ϕ1, ϕ2 of produced hadrons h1 and h2 is presented in Appendix A. The fully unintegrated cross
section can be written as
dσh1h2
dx dQ2 dϕS dz1 dz2 d2P1T d2P2T
= σU + ST (σS + σC), (4)
where the SL part is given as
σS = σ1S sin(ϕ1 − ϕS) + σ2S sin(ϕ2 − ϕS), (5)
and the CL part is
σC = σ1C sin(ϕ1 + ϕS) + σ2C sin(ϕ2 + ϕS). (6)
Here ST is the transverse polarization of target N , with azimuthal angle ϕS . The structure functions (SFs) σU , σ1,2S
and σ1,2C depend on x,Q
2, z1, z2, P1T , P2T and ∆ϕ. The explicit expression for these SFs for arbitrary dependence
of the PDFs and the DiFFs on the transverse momenta are presented in Appendix A.
One can see from the above three equations, that we have two types of azimuthal correlations: the explicit correla-
tions between transverse momenta of the hadrons and the target transverse polarization ϕ1 ↔ ϕS and ϕ2 ↔ ϕS given
by sine modulations (similar to one hadron SIDIS, but for each hadron separately in our case), and also correlations
between the transverse momenta of the hadrons ϕ1 ↔ ϕ2 with each other via ∆ϕ-dependence in the unpolarized and
the polarized SFs. Note, that since all the SFs depend only on cos(∆ϕ), they are even functions of ∆ϕ.
3III. ACCESSING ϕ1 ↔ ϕ2 AZIMUTHAL CORRELATIONS IN STRUCTURE FUNCTION
Historically, in SIDIS experiments the single spin azimuthal asymmetries were investigated by extracting the am-
plitudes of sine or cosine modulations from the data. For example, the amplitude of sin(ϕh − ϕS) modulation were
extracted for Sivers effect study in single hadron SIDIS, or the amplitude of sin(ϕR+ϕS) modulation in the dihadron
transversity study, where where ϕR is the azimuthal angle of the relative transverse momentum of the two hadrons.
To study the azimuthal correlations between ϕ1 and ϕ2 in polarized SFs of dihadron SIDIS, one has to keep the
cross-section unintegrated over all three azimuthal angles even when integrating over some or all other kinematic
variables, as it was recently done for the first time by COMPASS [4]. Namely, the amplitudes of CL SSA sin(ϕh−ϕS)
modulations were presented for positive and negative hadrons in bins of |∆ϕ|.
In this section the expressions for the single hadron SL and CL asymmetries as functions of ∆ϕ in the dihadron
sample are presented. In what follows, we keep for brevity only the azimuthal angle variables in all the expressions.
A. Correlations in Sivers-like structure functions
The expression for the SL modulation depending on the first hadrons azimuthal angle ∆ϕ is obtained by a simple
change of variables ϕ1, ϕ2 → ϕ1,∆ϕ in Eq. (4):
dσh1h2
dϕSdϕ1d∆ϕ
= σU (∆ϕ) + ST
[(
σ1S(∆ϕ) + σ2S(∆ϕ) cos(∆ϕ)
)
sin(ϕ1 − ϕS)− σ2S(∆ϕ) sin(∆ϕ) cos(ϕ1 − ϕS)
]
, (7)
and, similarly for the SL modulation on the ϕ2
dσh1h2
dϕSdϕ2d∆ϕ
= σU (∆ϕ) + ST
[(
σ2S(∆ϕ) + σ1S(∆ϕ) cos(∆ϕ)
)
sin(ϕ2 − ϕS) + σ1S(∆ϕ) sin(∆ϕ) cos(ϕ2 − ϕS)
]
. (8)
As one can see from the above equations, for each hadron we have both sine and cosine modulations in Sivers angle
ϕ1(2) − ϕS with amplitudes
A
sin(ϕ1−ϕS)
1SL (∆ϕ) =
σ1S(∆ϕ) + σ2S(∆ϕ) cos(∆ϕ)
σU (∆ϕ)
, (9)
A
cos(ϕ1−ϕS)
1SL (∆ϕ) = −
σ2S(∆ϕ) sin(∆ϕ)
σU (∆ϕ)
, (10)
A
sin(ϕ2−ϕS)
2SL (∆ϕ) =
σ2S(∆ϕ) + σ1S(∆ϕ) cos(∆ϕ)
σU (∆ϕ)
, (11)
A
cos(ϕ2−ϕS)
2SL (∆ϕ) =
σ1S(∆ϕ) sin(∆ϕ)
σU (∆ϕ)
. (12)
Note that since the SFs are even functions of ∆ϕ, the above sine asymmetries are even and cosine ones are odd in
∆ϕ (for ∆ϕ ∈ [−pi, pi]). The asymmetries depend on the ratios of the polarized to the unpolarized SFs,
A1S(∆ϕ) =
σ1S(∆ϕ)
σU (∆ϕ)
, (13)
A2S(∆ϕ) =
σ2S(∆ϕ)
σU (∆ϕ)
, (14)
and their measurement gives access to ϕ1 ↔ ϕ2 correlations in the polarized SFs, provided we know the ∆ϕ dependence
of the unpolarized SF.
It is evident that not all asymmetries in Eqs. (9–12) are independent, since we have only two independent polarized
SFs. For example, the second hadron asymmetries can be expressed using the first hadron ones by
A
sin(ϕ2−ϕS)
2SL (∆ϕ) = A
sin(ϕ1−ϕS)
1SL (∆ϕ) cos(∆ϕ)−Acos(ϕ1−ϕS)1SL (∆ϕ) sin(∆ϕ), (15)
A
cos(ϕ2−ϕS)
2SL (∆ϕ) = A
sin(ϕ1−ϕS)
1SL (∆ϕ) sin(∆ϕ) +A
cos(ϕ1−ϕS)
1SL (∆ϕ) cos(∆ϕ). (16)
Thus, by measuring only the first hadron modulations we already have an access to rations of the polarized to the
unpolarized SFs
A1S(∆ϕ) = A
sin(ϕ1−ϕS)
1SL (∆ϕ) +A
cos(ϕ1−ϕS)
1SL (∆ϕ) cot(∆ϕ), (17)
A2S(∆ϕ) = −Acos(ϕ1−ϕS)1SL (∆ϕ)
1
sin(∆ϕ)
. (18)
4Nevertheless, extracting all the ”entangled” asymmetries in Eqs. (9–12) from data and verifying them against the
relations in Eqs. (15,16) can be useful as a self-consistency test of the experimental analysis.
B. Analysis of Monte Carlo data generated by mLEPTO
Here we apply the formalism developed in the previous Section to Monte Carlo generated pseudo-data sample.
The sample of 2.5 108 DIS events were generated with a kinematics similar to that of 2h SIDIS at COMPASS
experiment [10] using mLEPTO– the modified version [8][9] of the standard DIS even generator LEPTO [7]. The DIS
events were generated with the following cuts: 0.032 < x < 0.7, 0.1 < y < 0.9, Q2 > 1 (GeV/c)2 and W 2 > 25
GeV2. Further, for for each of the oppositely charged hadrons in an event additional kinematic cuts PT > 0.1 GeV
and z > 0.1 were imposed. It was demonstrated in [5], [6], that the results obtained with mLEPTO well describe the
Sivers single hadron SIDIS asymmetries measured at COMPASS [11]. In this analysis the hadrons in each pair are
ordered by charge: the first hadron is the positively charged one.
In Fig. 2, we present the extracted A
sin(ϕ1−ϕS)
1,2SL and A
cos(ϕ1−ϕS)
1,2SL SL asymmetries using the filled triangle symbols.
We also depict using filled circles the corresponding asymmetries obtained form the fits to the positive hadron SL
asymmetries using the entanglement properties of Eqs. (15,16). It is apparent that the SL asymmetries obtained
using both methods agree with each other very well, thus independently validate the relations in the Eqs. (15,16). In
this figures, the errors are smaller than the corresponding marker sizes. Further, in the vicinity of ∆ϕ ≈ ±pi they
are smaller that at ∆ϕ ≈ 0, reflecting the back-to-back correlation of the produced hadrons’ transverse momenta in
dihadron SIDIS. This feature is well reproduced by LEPTO even generator [3].
∆ φ
A
2S
L
si
n  
(φ 2
 
- 
 
φ S
)
-0.03
-0.02
-0.01
0
0.01
0.02
0.03
-3 -2 -1 0 1 2 3
∆ φ
A
2S
L
co
s  
(φ 2
 
- 
 
φ S
)
-0.03
-0.02
-0.01
0
0.01
0.02
0.03
-3 -2 -1 0 1 2 3
FIG. 2. Left: the SL A
sin(ϕ2−ϕS)
2SL (∆ϕ) asymmetries (filled triangles) of negative hadron extracted directly from MC data (filled
triangles) and calculated using the entanglement relations from positive hadron sine and cosine asymmetries (filled circles).
The calculated asymmetries are plotted shifted on 0.05 rad. Right: the same for A
cos(ϕ2−ϕS)
2SL (∆ϕ) asymmetry.
The ratios of polarized to unpolarized SFs are calculated using the Eqs. (17,18), and then fitted by a function that
is either a constant or a ratio of two linear in cos(∆ϕ) functions: p1(1 +p2 cos(∆ϕ))/(1 +p3 cos(∆ϕ)). Here pi are the
fit parameters. The results are plotted in Fig. 3. It is clear that the quality of the fits with a ∆ϕ-dependent function
is much better than those performed with a constant one.
In Fig. 4 the results for the asymmetries that are directly extracted from the data are shown. The lines correspond
to fits with constant and ∆ϕ-dependent functions and using the Eqs. (9 –12). Again, we notice that ∆ϕ-dependent fits
better describe the MC data. It should also be noticed, that the explicit calculations using Gaussian parametrization
of TMD PDFs and DiFFs show that the ∆ϕ-dependence of Sivers-like and unpolarized SFs should be different, see
Appendix in [6].
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FIG. 3. The ratios A1S(∆ϕ) (triangles) and A2S(∆ϕ) (circles) from MC data. The continuous (dashed) line is a result of
∆ϕ-dependent fit and dotted (dot-dashed) lines for constant fit for positive (negative) hadron.
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FIG. 4. Left: the A
sin(ϕ1−ϕS)
1SL (∆ϕ) (triangles) and A
sin(ϕ2−ϕS)
2SL (∆ϕ) asymmetries (circles) from MC data. The continuous
(dashed) line is a result of ∆ϕ-dependent fit and dashed (dot-dashed) lines for constant fit for positive (negative) hadron.
Right: the same for A
cos(ϕ1−ϕS)
1SL (∆ϕ) and A
cos(ϕ2−ϕS)
2SL (∆ϕ) asymmetries.
6C. Correlations in Collins-like structure functions
The transversity induced CL sine and cosine asymmetries look very similar to SL ones:
A
sin(ϕ1+ϕS)
1CL (∆ϕ) =
σ1C(∆ϕ) + σ2C(∆ϕ) cos(∆ϕ)
σU (∆ϕ)
, (19)
A
cos(ϕ1+ϕS)
1CL (∆ϕ) = −
σ2C(∆ϕ) sin(∆ϕ)
σU (∆ϕ)
, (20)
A
sin(ϕ2+ϕS)
2CL (∆ϕ) =
σ2C(∆ϕ) + σ1C(∆ϕ) cos(∆ϕ)
σU (∆ϕ)
, (21)
A
cos(ϕ2+ϕS)
2CL (∆ϕ) =
σ1C(∆ϕ) sin(∆ϕ)
σU (∆ϕ)
, (22)
and all the relations that were presented in Sec. III A are also valid in this case (with evident replacements of subscripts
S →C and ϕ1,2 − ϕS → ϕ1,2 + ϕS).
Some remark are appropriate here: the preliminary results from COMPASS [4] were presented only for the sine
modulations of the first (positive) and the second (negative) hadrons as functions of |∆ϕ| ∈ [0, pi] [4]. Using the
absolute value of ∆ϕ, we have no access to cosine asymmetries since they are odd in ∆ϕ. Still, one can access the
ratios of CL polarized to unpolarized SFs from the extracted sine asymmetries using the following relations
σ1C(|∆ϕ|)
σU (|∆ϕ|) =
A
sin(ϕ1+ϕS)
1CL (|∆ϕ| −Asin(ϕ1+ϕS)2CL (|∆ϕ|) cos(|∆ϕ|)
sin2(|∆ϕ|) , (23)
σ2C(|∆ϕ|)
σU (|∆ϕ|) =
A
sin(ϕ1+ϕS)
2CL (|∆ϕ| −Asin(ϕ1+ϕS)1CL (|∆ϕ|) cos(|∆ϕ|)
sin2(|∆ϕ|) . (24)
IV. SINGLE HADRON COLLINS-LIKE ASYMMETRIES IN THE DIHADRON SAMPLE
In the recently published COMPASS article [10], the x dependence of single hadron CL asymmetries in dihadron
sample were presented. The remarkable feature of these asymmetries is a mirror symmetry (similarly to single hadron
SIDIS) – the asymmetry for the positive hadron are equal with an opposite sign to the negative hadron one. These
asymmetries are integrated over one hadron azimuthal angle, namely over ϕ2 in the positive hadron asymmetry and
vice versa for the negative hadron asymmetry. Then the corresponding cross sections are 1
dσh1h1
dxdϕSdϕ1
= σU,0(x) + ST
(
σ1C,0(x) +
1
2
σ2C,1(x)
)
sin(ϕ1 + ϕS), (25)
dσh1h1
dxdϕSdϕ2
= σU,0(x) + ST
(
σ2C,0(x) +
1
2
σ1C,1(x)
)
sin(ϕ2 + ϕS), (26)
where σU,0 and σ1(2)C,0(1) denote the moments with respect to cos(n∆ϕ) Fourier expansion of the corresponding SFs:
σ(x,∆ϕ)iC =
1
2pi
∞∑
n=0
σiC,n(x) cos(n∆ϕ), i = 1, 2. (27)
The mirror symmetry observed in [10] does not give a direct access to the azimuthal correlations in CL SFs and
one cannot conclude that these correlations are similar to that in the unpolarized SF. It only implies
σ1C,0(x) +
1
2
σ2C,1(x) ≈ −σ2C,0(x)− 1
2
σ1C,1(x), (28)
and this approximate equality can be achieved, for example, even if there is no ∆ϕ-dependence in the polarized SFs
and σ1C,0(x) = −σ2C,0(x).
1 The derivation of this equations is similar to the SL case presented in [6].
7V. CONCLUSIONS
In this paper we presented for the first time the framework for accessing the azimuthal correlations in polarized
structure functions of dihadron SIDIS . The general structure of the cross section in terms of the transverse mo-
mentum of each hadron is presented. It is demonstrated, that a measurement of the sine and the cosine Sivers- and
Collins-like asymmetries of one of the hadrons gives access to the ratio of the polarized to the unpolarized structure
functions. These asymmetries for the first and the second hadrons are entangled and a simple relations between them
is established.
This framework is then applied to a pseudodata sample created by mLEPTO MC generator, which includes the Sivers
effect. To validate the asymmetry extraction procedure, the SL asymmetries for the negatively charged hadron were
calculated from those extracted for the positively charged hadrons using the entanglement equations. These results
were then compared to those directly extracted from the pseudo-data, verifying that the entanglement properties
indeed hold. Then the rations of the polarized SL SFs to the unpolarized SF were calculated from these extracted
asymmetries. A better description of this ratio is achieved with a ∆ϕ-dependent function compared to a constant one,
which means that the azimuthal correlations in the polarized SL and the unpolarized SFs are different. The origin
of this difference can be understood by inspecting the general expressions for the SFs derived in the Appendix: the
polarized SFs in Eqs. (A11) contain the additional ∆ϕ-dependent weight factors Eq. A12) compared to the unpolarized
DF Eq. (A6.
Very recent COMPASS preliminary data [4] presented only the CL sine asymmetries for positive and negative
hadrons in a dihadron sample as a function of |∆ϕ|. In Sec. III C it is shown that already with the present COMPASS
data we can extract the ∆ϕ-dependence of the rations of the CL polarized to the unpolarized SFs.
In Sec. IV it was shown that the recent COMPASS observation [10] of the mirror symmetry of positive and negative
hadron CL asymmetries only establishes a relations between the first two Fourier amplitudes of CL SF and cannot
give a direct access to ∆ϕ-dependence of these SFs.
Finally, in the Appendix we give the arguments about the similarity of ∆ϕ-dependence of CL SFs inspired by the
observed mirror symmetry [10] of positive and negative hadrons CL asymmetries.
We conclude that the study of ∆ϕ-dependences of SL and CL asymmetries can play an important role in phe-
nomenological models development since these asymmetries are sensitive to parameters of TMD PDFs and DiFFs.
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Appendix A: General Expression for Structure Functions for arbitrary TMD PDFs and FFs
In this Section we derive explicit expressions for the cross section terms entering in Eqs. (4, 5, 6).
Let us consider the parts of the cross section for the process in Eq. (1) induced by Sivers and transversity effects.
They factorize into sums of convolutions of non-perturbative quark PDFs inside of the transversely polarized nucleon,
fq1 , f
⊥q
1T , h
q
1, unpolarized and CL DiFFs for each hadron type, D
h1h2
q , H
h1h2
1q , H
h1h2
2q , and a hard lepton-quark scattering
cross-section
dσh1h2
dx dQ2 dϕS dz1 dz2 d2P1T d2P2T
= C(x,Q2)
∑
q
e2q
∫
d2kT
[
f1q(x, kT ) D
h1h2
q (z1, z2,P1⊥,P2⊥)
+ i,jS
i
T
kjT
M
f⊥q1T (x, kT ) D
h1h2
q (z1, z2,P1⊥,P2⊥)
+ i,js
′j
T h
q
1(x, kT )
(
P i1T
m1
Hh1h21q (z1, z2,P1⊥,P2⊥) +
P i2T
m2
Hh1h22q (z1, z2,P1⊥,P2⊥)
)]
, (A1)
where C(x,Q2) = α
2
Q4 (1 + (1− y)2), α is the fine-structure coupling constant, M is the nucleon mass, m1(2) is the first
(second) produced hadron mass, and i,j is the two dimensional Levi-Civita tensor.
The first term in the square brackets corresponds to the unpolarized part of the cross section, the second to the Sivers
effect induced one and the third one to the transversity and CL fragmentation induced part. Note that in dihadron
SIDIS we have two CL spin-dependent DiFF, Hh1h21q and H
h1h2
2q , cf. [1]. Here all TMF PDFs are scalar functions
8of x, kT (and Q
2), whereas the DiFFs are scalar functions of the energy fractions and the transverse components
of the produced hadrons’ momenta with respect to the fragmenting quark’s momentum (denoted with subscript
⊥) Dh1h2q (z1, z2,P1⊥,P2⊥) (and Q
2). In the DIS limit for small transverse momenta, similarly to the one hadron
SIDIS case [12], the transverse momenta of the hadrons acquired during the fragmentation process are related to the
observable P1T ,P2T by
P1⊥ ≈ P1T − z1kT , (A2)
P2⊥ ≈ P2T − z2kT .
The magnitude and the azimuthal angle of the fragmenting quark’s transverse polarization s′ in the CL part of
Eq. (A1) are [13]
s′ = Dnn(y)ST , ϕs′ = pi − ϕS ; Dnn(y) = 2(1− y)
1 + (1− y)2 . (A3)
To derive a general expression for the cross section for arbitrary transverse momentum dependences of TMD PDFs
and DiFF (omitting the dependences on the scalar arguments x,Q2, z1, z2 ), it is convenient to introduce the following
notation for a convolution of transverse momenta
C [g(kT ,P1T ,P2T )] = C(x,Q2)
∑
q
e2q
∫
d2kT g(kT ,P1T ,P2T ), (A4)
where g can be a scalar or a two-dimensional vector function.
The cross section of Eq. (A1) can be separated into the usual unpolarized part, σU , and a spin-dependent SL σS
and CL σC parts:
dσh1h2
dx dQ2 dϕS dz1 dz2 d2P1T d2P2T
= σU + σS + σC . (A5)
Using the definition (A4), the unpolarized part is
σU = C
[
fq1 (kT ) D
h1h2
q (P1⊥, P2⊥,P1⊥ · P2⊥)
]
. (A6)
For the polarization dependent part of Eq. (A1) the functions g of Eq. (A4) are vector functions:
gis =
kiT
M
f⊥q1T D
h1h2
q , g
i
c1 =
P i1T − z1kiT
m1
hq1 H
h1h2
1q , g
i
c2 =
P i2T − z2kiT
m2
hq1 H
h1h2
1q . (A7)
Let us first consider the SL term. Since C
[
kiT
M f
⊥q
1T D
h1h2
q
]
can depend only on P1T and P2T using rotational and
parity invariance it is easy to see, that the only possible decomposition looks as
C
[
kiT
M
f⊥q1T D
h1h2
q
]
=
P i1T
M
I1S +
P i2T
M
I2S . (A8)
Then we see from Eq. (A1), that the dependence of σS on the azimuthal correlations ϕ1,2 ↔ ϕS is given by two SL
terms
σS = ST
(
σ1S sin(ϕ1 − ϕS) + σ2S sin(ϕ2 − ϕS)
)
, (A9)
where the SL SFs
σ1S =
P1T
M
I1S , σ2S =
P2T
M
I2S , (A10)
depend on x,Q2, z1, z2, P1T , P2T and P1TP2T cos(∆ϕ).
In Ref. [6], the explicit calculations of the structure functions σ1S and σ2S were presented for a Gaussian ansatz
for the transverse momentum dependences of PDFs and DiFF. Using Eq. (A8), one can find the general expression
for SL SFs for arbitrary dependence of PDF and DiFF on transverse momenta:
σ1S =
P1T
M
C
[
w1(kT ,P1T ,P2T ) f
⊥q
1T (kT )D
h1h2
1q (P1⊥, P2⊥,P1⊥ · P2⊥)
]
, (A11)
σ2S =
P2T
M
C
[
w2(kT ,P1T ,P2T ) f
⊥q
1T (kT )D
h1h2
1q (P1⊥, P2⊥,P1⊥ · P2⊥)
]
,
9where P1⊥ and P2⊥ are given by Eq. (A2) and weights entering in these convolutions are
w1 =
P 22T (P1T · kT )− (P1T · P2T ) (P2T · kT )
P 21TP
2
2T − (P1T · P2T )2
, (A12)
w2 =
P 21T (P2T · kT )− (P1T · P2T ) (P1T · kT )
P 21TP
2
2T − (P1T · P2T )2
.
As one can readily see from Eqs. (A6,A11,A12), the convolutions describing unpolarized SF and SL SFs are different
– SL structure functions contain additional weights which are absent in unpolarized SF. We also see from (A12)
that these weights explicitly depend on ∆ϕ and also on relative azimuthal angles of one of the hadrons and quark
transverse momenta. Thus, it is natural to expect that ∆ϕ-dependence in SL SFs and unpolarized SF should be
different. This conclusion is also confirmed by the explicit calculations in Gaussian model for TMD PDF and FFs
considered in [5], [6]. Moreover, in this model even in the case when there is no azimuthal correlation between
transverse momenta in DiFF, P1⊥ and P2⊥, the azimuthal correlations between P1T and P2T after kT -integration
appears to be different in the SL and unpolarized SFs due to difference of transverse momentum widths in SL and
unpolarized PDFs.
Similarly, repeating the derivation analogous to those for SL SFs, one one obtains the following expression for the
transversity induced part of cross-section for the process Eq. (1
σC = ST (σ1C sin(ϕ1 + ϕS) + σ2C sin(ϕ2 + ϕS)) , (A13)
where the CL SFs are
σ1C = Dnn(y)
P1T
m1
(
C
[
hq1H
h1h2
1q
]
− C
[
w1h
q
1
(
z1H
h1h2
1q +
m1
m2
z2H
h1h2
2q
)])
, (A14)
σ2C = Dnn(y)
P2T
m2
(
C
[
hq1H
h1h2
2q
]
− C
[
w2h
q
1
(
z2H
h1h2
2q +
m2
m1
z1H
h1h2
1q
)])
. (A15)
We see that SF σ1C is given by the sum of two parts: the first term is similar to unpolarized DiFF and contains only
transversity TMD PDF hq1 and H
h1h2
1q and the second term contains the weight functions w1 and contribution from
both DiFFs Hh1h21q and H
h1h2
2q , and similarly for σ2C substituting 1 ↔ 2. Since the weights w1,2 ∝ kT these terms
would vanish if the transversity PDF would be collinear: hq1(x, kT ) ∝ δ2(kT ).
For the case of oppositely charged pion pair production we can give qualitative arguments in the favour of smallness
of the second terms in the Eqs. (A14,A15), when using a more realistic choice for the transversity PDFs. First of all,
the mirror symmetry was observed in single hadron SIDIS Collins asymmetries at HERMES [14] and COMPASS [15]
and also in single hadron asymmetries in dihadron SIDIS [10]. The favored and unfavored Collins FFs extracted from
combined analysis of asymmetries in SIDIS and in two back-to-back hadron pair production in e+e− The favored and
unfavored Collins FFs extracted from combined analysis of asymmetries in SIDIS and in two back-to-back hadron
pair production in [16]. Finally, in the recent work [17], where the NJL-jet model was used to calculate the Collins
FFs, the mirror symmetry was also established between the positive and negative pion Collins FFs. Now, assuming a
”mirror symmetry” of CL DiFFs, Hh1h21q ≈ −Hh1h22q , and also that for z-integrated cross section of oppositely charged
pion pair production 〈z1〉 ≈ 〈z2〉 (as it is the case for our pseudo-data sample), we see that the convolutions containing
the weighs are vanishing. The remaining convolutions are identical to that of unpolarized SF, suggesting that the
∆ϕ-dependence of the z-integrated CL SFs can be closer to unpolarized SF one than in the SL SFs case.
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